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Abstract. The aim of this paper is to study the spectral gap and the logarithmic 
Sobolev constant for continuous spin systems. A simple but general result for 
estimating the spectral gap of finite dimensional systems is given by Theorem 
1.1, in terms of the spectral gap for one-dimensional marginals. The study of 
the topic provides us a chance, and it is indeed another aim of the paper, to 
justify the power of the results obtained previously. The exact order in dimension 
one (Proposition 1.4), and then the precise leading order and the explicit positive 
regions of the spectral gap and the logarithmic Sobolev constant for two typical 
infinite-dimensional models are presented (Theorems 6.2 and 6.3). Since we are 
interested in explicit estimates, the computations become quite involved. A long 
section (Section 4) is devoted to the study of the spectral gap in dimension one. 



1. Introduction. The local Poincare inequalities (equivalently, spectral gaps) 
and logarithmic Sobolev inequalities for unbounded continuous spin systems have 
recently obtained a lot of attention by many authors [1]-[11]. For the present 
status of the study and further references, the readers may refer to the compre- 
hensive survey article [7]. In the most of the publications, the authors consider 
mainly the perturbation regime with convex phase at infinity. More recently, the 
non-convex phase is treated for a class of spin systems based on a criterion for 
the weighted Hardy inequalities. 

The main purpose of this paper is to propose a general formula for the local 
spectral gaps of continuous spin systems. Let us start from finite dimensions. Let 
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U G C°°(M") satisfy Z := e'^dx < oo and set dji^ = e'^dx/Z. Throughout 
the paper, we use a particular notation x\i := (xi,... , x^+i, . . . ,x„) £ 
M"""^, obtained from x := (xi,X2, • • • ,x„) G M" by removing the ith component. 
Clearly, the conditional distribution of Xi given x\i under /ijj is as follows: 

4\*(dxi) = e-^dxi/Z(x\,), (1.1) 

where Z{x\i) = J^e~^^'^^dxi. The measure fi^^ is the invariant probability 
measure of the one-dimensional diffusion process, corresponding to the operator 

L'^y =d^/dx^ -diUd/dxi. 

Let L = A — (V?7, V). Recall that the spectral gap Ai(L) = Xi{U) is the largest 
constant k in the following Poincare inequality 

KVar^^(/)^/ \Vffdfiu=:D{f), / G C5^(M"), (1.2) 

where Var^^(/) is the variation of / with respect to |J,^ and Cq°(R") is the set 
of smooth functions with compact supports. 

Denote by A^^' = Xi^L- '') the spectral gap of the one-dimensional operator 



Then, we can state our variational formula for the lower bounds of Xi{U) as 
follows. 

Theorem 1.1. Define 

, - — f A?^"^' , ifi=i 

where (Hess(C/))jj = dijU := d'^U /dx^dx^- Then we have 
\i{U) ^ inf A^i„(lfes([/)(x)) 

where w = {wi)f_-^ varies over all positive sequences. 
Setting u;j = 1 in (1.4), it follows that 



The last lower bound is more or less the estimate given in [5] and [7], goes back 
to [3]. 
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The supremum over w in (1.4) comes from a variational formula for the princi- 
pal eigenvalue of a symmetric Q-matrix (cf. §3 for more details). The use of the 
variational formula is necessary, since the principal eigenvalue is not computable 
in general for a large scale matrix. 

The essential point for which (1.4) is valuable is that we now have quite com- 
plete knowledge about the spectral gap in dimensional one. For instance, as a 
consequence of part (1) of Theorem 3.1 in [12], we have 

A^' ^ sup mf <^ diiUix) — y (1.5 

/ ^^eiK I f{xi) J 

where / varies over all positive functions in C^(M). In particular, setting / = 1, 
we get 

A^' ^ inf diiU{x). (1.6) 

When diiU{x) = u"{xi) for some u G C^(M), independent of i, (1.6) leads to the 
so-called convex phase condition "inf^jgR it"(a;) > 0." Since a local modification 
of u does not change the positiveness of Ai, the convex condition can be replaced 
by lim |^|_^^ u"{x) > (i.e., the convexity at infinity) as proved in [12; Corollary 
3.5], see also Theorem 4.1 below. However, the last condition is still not necessary 
as shown by [12; Example 3.11 (3): u'{x) = '~fx{'y + cosx)~^ for some 7 > 1] and 
[5; Proposition 4.4] (see also Example 2.5 below). A more careful examination of 
spectral gap in dimension one is delayed to §4. 

It is possible to avoid the use of test functions w and / in (1.4) and (1.5), 
respectively. To see this, we introduce an explicit lower estimate of Ai(C/). For 
this, we need additional notations. Choose a practical ry^^' ^ as bigger as 
possible, and define 

Si{x) = -ify - \dijU{x)\, s{x) = miui^i^n Si{x), 

qi{x) = rf^^" - s{x), di{x) = Si{x) - s{x), 

h^^\x)= min ^[e4^+ E 



A:0^AC{1,2,... ,n} \A\ 

7^0, (1.7) 



where aM h = max{a, 6} and \A\ is the cardinality of the set A. 
Theorem 1.2. We have 
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XliU) ^ inf <^ s{x) + , ^ ' \. (1.8) 

'^^^xeR"\-^^ 1 + Vl-/iW(x)2j ^ ' 



A close related topic to the Poincare inequality is the logarithmic Sobolev 
inequality with optimal constant cr{U): 

aiU)Ent^{f) ^2D{f), / G ^(L>), (1.9) 
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where Ent^(/) = //(/log/) — /Lt(/) log jLt(/) for / ^ 0. Correspondingly, we have 
the conditional marginal inequality for fj,^^ , given x\i, with optimal constant cr^^' : 

.-vE„.^.,(/)<//'V^^ fecrm. (1.10) 

We can now state a very recent result due to [8; Theorem 1], which is consistent 
with Theorem 1.1. 

Theorem 1.3. The logarithmic Sobolev constant a(U) ^ Aniin(^), where the ma- 
trix A = {Aij) is defined by 

^ _ r inf^a^\^ ifj = i 

1 -sup^ \dijU{x)\. ifj / i. 



In view of the above results, it is clear that the one-dimensional case plays a 
crucial role. In that case, a representative result of the paper is as follows. 

Proposition 1.4. In dimensional one, replace U withu^^ p^i'^) ~ — l^ix"^ + P2X 
for some constants /3i ^ and /32 G 1^- Then we have 



4e^^exp 



i^2 + 21og(l + /3i] 



^inf Ai(u^^^^J 



> r- exp 



In particular, inf ^3 Ai (u^^ " 
exp[-/32/4 + 0(log/3i)] asp. 



and inf^2 cr('"^i have the same order as 



00. 



The exponent /3i/4 here equals, approximately as /3i — >^ 00, the square of the 
variance of a random variable having the distribution with density exp[— + 
l3iX'^]/Z on the real line. 

The remainder of the paper is organized as follows. In the next section, we 
study an alternative variational formula for spectral gap. This is especially mean- 
ingful in the context of diffusions. The proofs of Theorems 1.1 and 1.2 are com- 
pleted in §3. The one-dimensional spectral gap is the main topic in §4. The 
logarithmic Sobolcv constant is studied in §5, in which Proposition 1.4 is proven. 
Even though the explicit and universal upper and lower estimates, as well as the 
criteria, for the spectral gap and logarithmic Sobolev constant are all known (cf. 
[13; Chapter 5, Theorem 7.4] and §4 below), it is still quite a distance to arrive 
at Proposition 1.4. Actually, we study this model several times (Examples 4.3, 
4.6, 4.9, 5.3, and Proposition 4.7) by using different approaches. Thus, a part of 
the paper is methodological, it takes time and space to make some comparison 
of different methods. Two typical infinite-dimensional models are treated in the 
last section. 
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2. Alternative variational formula for spectral gap. Let {E,S',ij,) be a 
probability space and be the ordinary L^-space of real functions. Corre- 

sponding to a /x-reversible Markov process with transition probability P{t,x,-), 
we have a positive, strongly continuous, contractive and self-adjoint semigroup 
{Pt}t^o on L^ifi) with generator {L,S^{L)). Throughout this section, (■,•) and 
II • II denote, respectively, the inner product and the norm in L'^^fx). By elementary 
spectral theory, we have 

]{f-PtfJ)t some /)=:!)(/) ^oo as UO. (2.1) 

Set ^(D) = {fe L^ifi) : £»(/) < oo} and define 5) = iD{f+g)-Dif-g))/4. 
for f,g e S>{D). Then, {D,S>{D)) is a Dirichlet form. Moreover, 

Dif,g) = -{Lf,g), f,g G ^(L). (2.2) 

The formula in (2.4) below goes back to [14]. 

Theorem 2.1. The spectral gap Xi{L) is described by the largest constant k in 
the following equivalent inequalities. 

AtVar^(/) ^ D{f), f G &{D), (2.3) 
KD{f) < ||L/f , / G ^(L). (2.4) 



Proof. Let {Ea)}a^o be the spectral representation of L. Then L = — adE, 
The optimal constant k in (2.3) is known to be Ai = Ai(L). Note that 

\\Lff = {Lf,Lf) 
= if,L'f) 




/•oo 

= / a^d{E^f,f) 
Jo 

/•oo /•oo 

= / a^d{E^f,f)^Xi / ad{E^f,f) 

/•oo 

= Ai / ad{E^f,f) 
Jo 

= Ai(/,-L/) 
= Aii?(/). 

Because the only inequality here cannot be improved, the largest constant k in 
(2.4) is also equal to Ai. □ 
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Remark 2.2. Actually, it is known and is also easy to check that (2.3) is equiv- 
alent to the correlation inequality 

Ai(L)|Cov^(/,<7)| ^ {D{f)D{g))'/\ f,g G &{D), (2.5) 

where Cov^{f,g) = fJ-{fg) — fJ'{f)fJ'ig) and /u(/) = / /d/x. See the comment below 
Proposition 3.2 for a proof. 

Before moving further, let us mention that the above proof also works for the 
principal eigenvalue. In this case, LI ^ and can be infinite. Then the principal 
eigenvalue Aq can be described by the following equivalent inequalities. 



^ D{f), f e i^(D), 

kD{f) ^ \\Lff, f e &{L). (2.6) 

The formula (2.4) is especially useful for diffusion on Riemannian manifolds. 
Thus, the next result is meaningful for a more general class of diffusion in M" by 

using a suitable Riemannian structure. 

Corollary 2.3. Let L = A~{VU, V) for some U G C°°(M") with Z := e'^dx^ 
< GO and set /i(dx) = e~^dx/Z. Then 



\\m' 



Y,i^^Jff + {i^ess{U)Vf,Vf) 



d/., /GCo°°(M"), (2.7) 



where (•,•) stands the usual inner product in M". In particular, we have 

Ai(C/) ^ inf A„i„(Hess(C/)(ar)), (2.8) 

where Amin(Af) is the minimal eigenvalue of the matrix M. 

Proof. The proof of (2.7) is mainly a use of integration by parts formula. Because 

= Ei {9uf - diUdif), we have 

{Vf,VLf) = ^djf^dj{duf-diUdj) =^djf{dujf-di,fdiU-difdijU). 



Next, 

^/ Y.^3fT.i^^^3f-dijfdiU)e-^ = \ f Y.^^fY.diidi^fe-'') 



4/ E(^^./r 
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Noting that /x is a probability measure and the diffusion coefficients are constants, 
the Dirichlet form is regular (cf. [12; condition (4.13)] for instance). Actually, the 
martingale problem for L is well posed. Thus, LC^{R"') C C^{R"') C ^(L), 
and so 

\\Lff=j Lf-Lfdfi = -[ (VL/,V/)d/x, /gCo°°(M-). 

Combining these facts together, wc get (2.7). 

To prove the last assertion, applying Theorem 2.1 and (2.7), we get 



/e®(L),/# const D{f) 

M MifT 

/eCo°°(R"),// const D{f) 

^ inf [ (Hess(C/)V/,V/)d///Li(/) 

/eCo-(E"),/# const y ' J' J/ 

^ inf Ami„(Hess(C/)(a;)). □ 

Remark 2.4. Actually, under the assumption of Corollary 2.3, the Bakry-Emery 
criterion (cf. [14] or [7; Corollary 1.6]) implies a stronger conclusion: 

a{U) ^ inf A„iin(Hess(i7)(a;)). (2.9) 

A simple counterexample for which (2.8) and (2.9) are not effective is the 
following. This example also shows that (1.4) is an improvement of (2.8). 

Example 2.5. Consider the two-dimensional case. Let 

U{x) = x\ + x\ - ^{x\ + X^) + 2JxiX2 

with constants /3 ^ and J G R. Then mi^^j^2 Amin(Hess(J7)(x)) ^ and U is 
not convex at infinity, but Xi(U) > in a region of (/3, J) C M x R_|_. 

Proof. First, we have 

Hess(t/)(x)^^12.f-2/3 2 J 

Because for the matrix 



2J I2xi - 2/3 y • 



A 



ci 2J 

2j C2 y ' 



we have Aniin(^) = 2 ^ (ci + C2 — y/ (ci — 02)^ + 16 ) . Hence 



Ainin(Hess(C/)(x)) = 2 min (3(x? + x^) - /3 - a/9(x? - xjf + ). 
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Setting xi = X2 = 0, we get 

inf A„,i„(Hess(C/)(a;)) ^ -2(/3 + | J|) ^ 0. 

Next, since 

lim (Sxj-P- Jdxf + J2 ) = lim ^ ~ + -P = -P, 

we have 

lim Ami„(Hess(C/)(x)) ^ lim Amin(Hess(C/)(x)) ^ -2^ ^ 0. 

This means that U is not convex at infinity. The last assertion of the example is 
the one of the main aims of this paper and it is even true in the higher dimensions 
(cf. Theorem 6.3 below). □ 

3. Proofs of Theorems 1.1 and 1.2 and some remarks. As a preparation, 
we prove a result which is an improvement of (2.8) and [7; Proposition 3.1]. We 
adopt the notation given in §1. 

Proposition 3.1. We have 

Xi{U) ^ ig^ A^i„(lfes([/)(x)) . (3.1) 

Proof. First, applying Theorem 2.1 and (2.7) to the ith marginal, we have 

/ [{duff + {duUMffjdfi''^'' > Ai^' / (aj)2dM^^% / G Co~(M"). (3.2) 

jR JR 

Next, denote by Hesso(J7) the symmetric matrix obtained from the Hessen matrix 
Hess(C/) replacing the diagonal elements with zero. Then, by (3.2), we have 

/ \Y,id^jff + QiessiU)Vf,Vf)\dfi^ 
jR" L ij J 

^E/ I [ [i^^^fr + i^^^U)i^ar]d^i^Ad^iu-^ [ [{duUmffjdfiu 
^ JR" K JR ^ i 

[ (Hess(C/)V/,V/)dM^ 

JR" 



+ 



djj, 



f l^i'' /(9i/)'d/i^''|dMt;+ / (Hesso(C/)V/,V/) 

■ JR" I J J JR" 

= E/ K'\dif)Mfiu + f (Hesso(?7)V/,V/)dMt; 

^ JR" JR" 

= [ {■R^s{U)Vf,Vf)di^u 

JR" 

> inf A™i4ffes(Z7)(x)) / \Vf\^dfiu, /eCo°°(R"). (3.3) 
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Now, the required assertion follows from the proof of the last assertion of Corollary 
2.3. □ 

Prom the proof of Proposition 3.1, it is clear that the only argument where we 
may lose somewhat is the first inequality of (3.3), since the terms ^^-^^(9^^/)^ are 
ignored there. Hence the estimate (3.1) is mainly meaningful if the interactions 
are not strong. The interacting potentials considered in this paper are rather 
simple; for general interactions, one needs some "block estimates" which are not 
touched here, instead of the "single-site estimates"' studied in this paper. 

The shorthand of (3.1) is that the minimal eigenvalue Aniin(Hess(C/)) may not 
be computable in practice. For this, we need the second variational procedure. 
To do so, let s = miuj (A^^' — J2j-jjLi \9ijU\} and define 



\dijU\, iii^j 
s-XT'\ ifi = j. 



Then, Q := (qij), depending on x, is a symmetric Q-matrix, not necessarily 
conservative (i.e., YljQij ^ O)- 

Proof of Theorem 1.1. The first estimate in (1.4) follows from Proposition 3.1. 
Next, by [15; Theorem 1.1], we have 

Amin(-Q) ^ sup min [ - Qw/w] (i), (3.4) 

w>0 « 

where Qw[i) = qijWj. We remark that the sign of the equality in (3.4) holds 
once Q is irreducible (cf. [15; Proposition 4.1]). Noting that for every symmetric 
matrix B = {pij) with nonnegative diagonals and any vector to, we have 

{w,Bw) = '^biiw'^ + 2'^bijWiWj ^ '^buWi - 2'^\bijWiWj\ = {\w\,B\w\), 

where B = {bij) : ba = ba, bij = —\bij\ for i ^ j and \w\ = {\wi\). Letting w* be 
a vector with {w*,w*) = 1 such that Ainin(-B) = {w*,Bw*), it follows that 

A,nin(^) ^ {\w*\,B\w*\) ^ X^in{B){\w\* ,\wn = X^i^{B). 

Based on this fact and as an application of (3.4), we get 

(Hess(?7)(x)) ^ Ami„(diag(s) - Q) 

= S + Amm(-<3) 



^ s + max min 

w>0 i 



- S + Ai^' - ^ QijWj/Wi 



= max mm 

w>0 i 



(3.5) 
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Combining this with the first estimate in (1.4), we get the second one in (1.4), 
and so complete the proof of Theorem 1.1. □ 

Proof of Theorem 1.2. In the above proof, replacing A^^', s and qa with r/f^', s{x) 
and qii{x), respectively, but keep qij {i ^ j) to be the same, we obtain 

(Hess(i7)(x)) ^ s{x) + X^i^{-Q{x)). 

By Proposition 3.1, it suffices to estimate Xniin{—Q{x))- Note that Xniin{—Q{x)) 
is nothing but the principal (Dirichlet) eigenvalue of Q{x), often denoted by 
Xo{Q{x)). Because Q{x) is symmetric, and so its symmetrizing measure is just 
the uniform distribution on {1,2,... ,n}. Now the conclusion of Theorem 1.2 
follows from [16; Theorem 1.1] plus some computations. □ 

We conclude this section with some remarks. 

Let di = —qu — ^j^iqij- By setting Wi = constant in (3.4), it follows that 
Amin(— Q) ^ miiiidi. The sign of the equality holds if (di) is a constant. Other- 
wise, this well-known simplest conclusion is usually rough. For instance, take 

-1 1 \ 
1 -2 1 . 
1 -3/ 

Then Amin(— <5) = 2 — -\/3 > (the equality of (3.4) is attained at the positive 
eigenvector w = (2 + \/3 , 1 + \/3 , l) but min, di = 0. This shows that the use of 
the variational formula (3.4) is necessary to produce sharper lower bounds. 

When dijU ^ for all i ^ j, then Hess(f7) = diag(s) — Q, and so the sign of 
the first equality in (3.5) holds. In this case, the estimate (3.5) is quite sharp, 
since so is (3.4). However, for general dijU {i ^ j), the lower bound in (3.5) may 
be less effective but we do not have a variational formula as (3.4) in such a general 
situation. 

For a given symmetric matrix B = {bij) (lIess(J7), for instance), the classical 
variational formula, which is especially powerful for upper bounds, is as follows. 

Amin(-B) = inf I ^WibijWj : ^10^=1 

i,j i 

(3.6) 

For a given symmetrizable Q-matrix (qij) with symmetric probability measure /x, 
set 

i,3 i 
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where di = —qu—^j^i Qij as defined before. Then, an alternative formula of (3.6), 
in terms of the Donsker-Varadhan's theory of large deviations, goes as follows. 

Xmin{-Q) = inf (oif ) :Y,f^if! = A 

^ i ^ 

= inf \D(^/da/dn) -.J^ai = ll 
= ^nf < 1(a) + ^ aidi : ^ = 1 ^ 

^ ^ i i ^ 

= ^nf \ - inf ^ aiqij{uj - Ui)/ui + ^ a^di •.y^ai = l\ 

(3.7) 

where / is the /-functional in the theory of large deviations. Refer to [17; Proof 
of Theorem 8.17] for more details. In other words, the large deviation principle 
provides an alternative description of the classical variational formula, but not 
(3.4), for which one needs a variational formula for the Dirichlet forms (cf. [15]). 

Finally, we remark that the proof of Proposition 3.1 can be also used in the 
study of other inequalities. The details are omitted here since they are not used 
subsequently (cf. [7]). The next one is a partial extension of (2.5). 

Proposition 3.2. Under the assumption of Corollary 2.3, we have for every 
invertible, nonnegative and diagonal matrix D, the largest constant k: 

k|Cov^^(/,5)| ^ (1 \DVf\^d^iuJ ID-'Vfl'dfiu^ , 

f,geC^{R-) (3.8) 

satisfies 

K ^ inf Amin [D Hess(C/) D'^ {x)) , (3.9) 

where Amin(-W) = max{c : M ^ cid}. 

Before moving further, let us make some remarks about the proof of Proposition 



3.2. Note that 



j \DVf\^d^Ji = l{D^Vf,Vf)dfi 



which is the Dirichlet form corresponding to the diffusion operator with diffusion 
coefficients and potential U. Denote by Ai(D^, U) the spectral gap of the last 
operator, then we have 

|Cov^(/,5)r^Var^(/)Var^(ff) 

^ X.iD^,U)\.iD-^,U) /(^M,V/)d,/(Z.--V.,V.)d,. 

(3.10) 
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Hence, we obtain a lower bound of the optimal constant in (3.8): 

K ^ ^Jx,{D\U) Ai(L»-2,C/). (3.11) 

The proof is quite natural. Furthermore, by setting D to be the identity matrix, 
we obtain (2.5) with sharp constant. However, the estimate (3.11) is usually not 
sharp in the general case. Note that the sign of the last equality in (3.11) holds if 
/ and g are the correspondent eigenfunctions with respect to the operators, but 
the sign of the first equality in (3.11) holds iff / and g are proportional almost 
surely (due to the use of the Cauchy-Schwarz inequality). This can happen only 
if D is trivial: all the diagonals of D are equal. 

A better way to study (3.8) is using the semigroup's approach. Write 



Cov^(/,5) = j {f - ii{f))gdii 



-Hi 



-Ptfdt)gdfjL 



gLPJdfi]dt 
\J / 

l{VPjyg)df?jdt. 



Now, as a good application of the Cauchy-Schwarz inequality, we get 
|Cov^(/,5)| ^ (/ I^VPt/pd/x) ^ (/ 



1/2 



The problem is now reduced to study the decay of / \DV Ptfl'^d^ in t (cf. [7]). 

Similarly to Proposition 3.1, as checked by Feng Wang in 2002, we have the 
following result which improves (2.9), but may be weaker than Theorem 1.3. 

Proposition 3.3. Under the assumption of Corollary 2.3, we have 

a{U) ^ inf A^i„(H^([/)), (3.12) 

where 

(Hi^(C/)),. = | 

is the optimal constant in the inequality 

I f{dilogffdfil^' ^ I /r(log/)d/x^^% ^ / G Co°°(M"), (3.13) 



C^\', ifj=i 
(Hess{U))ij ifj^i, 



and 



T\f) = {duff + {duU){d,ff. 
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4. One-dimensional case. Explicit estimates. The operator now becomes 

L = d^/dx^ — u'{x)d/dx. Write b{x) = —u'{x). Then h must have a real root. 
Otherwise, without loss of generality, let u' ^ £ > 0. Then — u is strictly decreas- 
ing, and so 



GO > Z := / e"" ^ / e"" > e-"(°) / 1 = 

Jm. J—oo J-oo 



DO, 



which is a contradiction. 

Unless otherwise stated, throughout this section, we consider the operator 

, , d^ ,/ N d 

Assume that a G C(M), a > and Z = e^(^) /a{x) < oo, where C{x) = h/a. 
Define ^x{dx) = (Zo(a;))-^e'^(^)dx. Recall that 

Ai(L) = inf{L>(/) : / G C\W), iJi{f) = 0, f^{f) = 1}, 

where D{f) = J^a/'^d//. 

Let ^ be a fixed real root of b. Choose K = Ko e C{M. \ {6}) such that K is 
increasing (i.e., non-decreasing) in x when |a; — 0| increases, ^(^±0) > — oo, and 
moreover 

K{r) ^ inf [ - b{x) /{x - 9)] for all ±{r - 9) >(), (4.1) 

x: ib{a; — r)>0 

where and in what foUows, the notation "zb" means that there are two cases: one 
takes (resp., ") everywhere in the statement. Define 

F{s) = F%s) = / \K{r) - K{u)]du, s, r G M, (4.2) 

Je a{u) 

S^{K)= sup Kir) inf r^^7^^'^^ (4-3) 

r:±(r-e)>0 ^ s: ±{r-e)>±(s-e)>0 eX.p[-F{u)]du 

^ sup ii:(r)exp[-F(r)]. (4.4) 

r:±{r-e)>0 

The next result is a modification of [12; Corollary 3.5]. It is specially useful for 
those b growing at least linear. 

Theorem 4.1. 

(1) By using the above notations, we have 

Xi{L)^d+iK)Ad-{K). (4.5) 

(2) Suppose additionally that K is a piecewise -function, then we have 



5±{K) ^ if(r±)exp 
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where 



r< = ±00, 



if lim 

r— >±cx) 



7e aw 



du ^ 1, 



(4.7) 



and otherwise, r^ is the unique solution to the equation 



Kir) 



■du = 1, ±(r -9)>0. 



(4.8) 



Proof, (a) First, consider the half-line (^,00). Assume that K{r-^) > for some 
r^ G (0,00). Otherwise, (4.5) becomes trivial. Fix r = r^ and define 

f+{x)= f dyexp[-F{y Ari)], x^O. 

Then, we have /+ > on (6*, 00), f+{e) = 0, f'^{e) = 1 and 
/;(x) = exp[-F(xAri)] >0, 



a{x) 



[K{r^)-K{x^r^)\f'^{x)^{), x^9. 



Since a G C(R), a > 0, K e C(R \ {6'}) and ^(6*+) is finite, we have /+ G 

Next, because K is increasing on (0,oo) and K{x) ^ —b{x)/{x — 9) for all 
X > ^, we have 

-{af; + 6/;)(x) = {(z - ^?)[K(ri) - K{x A r^)] - h{x)]f'^{x) 
^ {{x - 9)K{r^) -{x- 9)K{x) - b{x)]f'+{x) 
^{x-9)K{r^)f'+{x), x>e. (4.9) 

Since f'J_ ^ 0, is decreasing. By the Cauchy mean value theorem, it follows 
that {x — 6)/ fj^{x) is increasing on (^,00). Hence, by (4.9), we obtain 



an + hf'+ 
f+ 



X ^ ri- 

Combining (4.9) with (4.10), it follows that 



(4.10) 



inf 

x>e 



af'; + hf'^ 



f- 



+ 



^K{r^) inf 



{s-9)f'4s) 



By (4.3), we have thus obtained 



inf 

x>e 



an + bf'+ 
U 



(4.11) 
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(b) Next, consider the half-line {—oo,9). The proof is parallel to (a). Let 
K{ri) > for some < 9. Fix r = and define 

f-{x) = dyexp[-F(y Vri)], x^O. 
Je 

Then /_ < on (-oo, 6), f-{9) = 0, f_> 0, f_{9) = 1 and 

f'l{x) = -^[K{r,) - K{x V r,)]f'_{x) ^ 
ayx) 

for ah x^9. Moreover /_ G C'^{-oo,9). Then 

-{afL + hr_){x) = {{x- 9)\K{t^) - Kix V rj] - h{x))r_{x) 
^{{x- 9)K{r,) - (x - 9)K{x) - b{x)}f'4x) 
^{x-9)K{r^)f'_{x), x<9. 

Since /_ < and /'_!. ^ 0, we have 

'afl+bf'_ 



f- 



x) > 



-K{r,)f'_{x) 



Combining the last two inequalities with (4.3), wc get 

ail + hr_ 



inf 

x<0 



f- 



^ sup K{r^) mf -— = 5-{K). 

r,<e s€ie.r,) /_(.S) 



Finally, let / = f+I[e,oo) + f-h-oo,ey Then / e 
af" + bf 



inf 



(a;) = mf (xj 

/J L^>^ /+ 

^(5+(K)A(5_(K). 



A 



and 



. , afi + bfL, ; 

ml (x) 

x<0 /_ 



The estimate (4.5) now follows from the last assertion of [12; Theorem 3.1]. 

(c) To prove (4.4), noticing that K is monotone, we may apply the integration 
by parts formula and rewrite F as follows. 



F(r)= / '^^^[K(r)-K(u)]du 
Je a{u) 



K{r) 



-du 



a{z) J 



K{u)d 
dz I du, 



a{z) 
r^9. 



■dz 



(4.12) 



By the assumption on it follows that ^ 0, F{r) is increasing in r as |r — ^| 
increases. Hence, by (4.2), we have 

5^{K) ^ sup K{r) inf exp[-F(5)] 

r:±(r-e)>0 s: ±(r-6»)>±(s-6»)>0 

= sup i^(r) exp[— F(r)]. 

r:±(r-e)>0 
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The proof of (4.4) is done. 

(d) The second part of the theorem is to compute sup^^g G'(r), where G{r) = 
K{r) exp[—F{r)]. The answer is given by (4.6). To do so, first consider the 
half line (^,oo). Because if is a piecewisely C^, we may assume that {6,oo) = 
Ui{ci,di], K G C^{ci,di) and if ' ^ on {ci,di) for every i. By (4.12), we have 
for every i, 



G'{r) = K'{r) 



1-K(r) / ^^^^du 
Je o,{u) 



exp[-F(r)], re{ci,di). (4.13) 



lim if (r) < 



Let lim^^oo K{r) ^du ^ 1 and set 6+ = inf {r > 6* : K{r) > O}. Note that 
if is increasing, if > on (^_|_,oo), and so if(r) ^^du is strictly increasing 

on (^_|_,oo), but is less or equal to zero on {e,e+) when e < §+. It follows 
that if(r) ^du ^ 1 for all r G (^,oo). By (4.13), we have G'(r) ^ on 
every (cj, di) since so docs K'{r). This fact plus the continuity of G implies that 
sup^>g G{r) = lim^^oo G{r). 
Otherwise, we have 

lim if (r) / — T-^du > 1 and 
r^oo Jq a{u) 

= 0<(/;"^dn)"' if^<^\ 
<oo=(/;^dn)"' iih = 0. 

Since if (.) is increasing and (/; -^du)-\s strictly decreasing, the curves if (r) 

and ^ ^E^^^ must have uniquely an intersection on (6*_|_,oo), or equiva- 
lently on (^, oo). So we have sup^^^i G(r) = sup^^g,^ G(r) = G(r_,_), where r_,_ is 
the unique solution to the equation (4.8). 

The proof of the assertions on (— oo, 6) is parallel. □ 

The next two examples illustrate the applications of Theorem 4.1, and are 
treated several times in the paper. 

Example 4.2. Let u{x) = ax^ + for some constants a > and /3 G M, and 
a(x) = 1. Then we have Ai(Lq,_^) ^ 5+ (if) A 5-{K) = 2a which is exact. 

Proof. Since — 6(.t) = —2ax — P, we have root 6 = — /3/(2a), and so —b{x)/{x — 9) 
= 2a. Thus, if (r) = constant 2a. By (4.3), we get S±{K) = 2q; as claimed. It is 
easy to check that the estimate is exact, since the corresponding eigenfunction is 
linear. □ 

Example 4.3. Let u{x) = — /3ix'^ + /32X for some constants Pi,/32 £ ^ o,nd 
a{x) = 1. Then we have 



Ai(L^„^J ^ ^+(if ) A (5_(if) ^ ^^'^ exp 



^/3i(/3i + y//32 + 2^ 
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uniformly in P2 ■ When P2 = 0, we have 



ye 



Proof. First, wc have b{x) = —u'{x) = —Ax^ + 2Pix — ^2- Let be a real root of 
u' . For instance, we may take 



r 



1/3 



-m 

= ( 2Y'^^f^ sinh^|arcsinhC^ 

2y^sgn (C) cosh (^i arc cosh (sgn (C) C)) 
cos^Itt + iarccosC^ 

where C = /02 ( 2|f7T / ' '^'^^ reason we choose 47r/3 rather than or 27r/3 in the 
last line is for the consistency of the case /32 = 0. However, in what follows, we 
will not use the explicit formula of ^, we are going to work out only the estimate 
uniform in 9. Because 



if /32 = 
if ^1 = 

if /3i < 

if /3i > and \C\ > 1 
if /3i > and |C| ^ 1, 



x-e 

we obtain 
inf 



= 4(a; - Of + I2e{x -6) + 126^ - 2/3i = 4(x + 9/2)^ + 39^ - 2/3i, 



-6(x) 



>r X — 9 

i„f=M 

x<r X — 9 



4(r + 0/2)2 + _ 2^1, if r ^ -9/2 



39^-2/3i, 



if r ^ -6'/2, r ^ 



4(r + 0/2)2 + 302 - 2/3i, if r ^ -0/2 



302 - 2;3i, 



if r ^ -0/2, r < 



Naturally, one may define K{r) as the right-hand sides, but then the computa- 
tions for the lower bounds of S± (K) become very complicated. Here, we adopt a 
simplification. Set r^ = r — 9. Because 

4(r + 0/2)2 + 302 - 2Pi = 12(0 + rg/2f + - 20^ ^ rj - 2^^, 
39^-2Pi ^99^/4-2Pi, 

when r ^ (equivalently, ^0), we can choose 

. X f rl-2Pi, if r. > -30/2 

K(r) = Ke(r) = \ \ ^ ^ ' 

^ ' '^^ > \ 902/4 - 2/3i, if rg < -30/2. 

By symmetry, one can define K{r) for the case of r ^ as follows: 



K{r) = 



r2-2/3i, ifr, <-30/2 

902/4 - 2/3i, if rg > -30/2. 
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Obviously, if is a continuous piecewise C^-function. 

Suppose that 9 < for a moment. We use the notation G(r) defined in the 
proof (d) of Theorem 4.1. Since G{r) is continuous in r, G{r) is equal to the 
constant K{—9/2) on {9,-0/2], and if' > on (^,oo), we have sup^>g G(r) = 
sup^^_5i 12 G{r). Clearly, lim^-^oo K{r) {u — 0)du = oo and hence we can ignore 
(4.7) and handle with (4.8) only. There are two cases. 

(a) Let K{-0/2) f^^^^iu - 9)du < 1. That is 96*2/4 < /5i + y^/Sf + 2. In this 
case, the solution to (4.8) should satisfy r+ — 9 > —39/2. Solving equation 

(r^ - 2^i) [ {u- 9)du = 1, re> -39/2, 
Je 



we get (r+ - Of = Pi + Then 



1 r+ 1 r+~'^ 

- {x-OfK'{x)dx = -- I x^-2xdx 
^ Je 2 7_30/2 



)' + -0^ 
' 64 



Hence we obtain 



sup G{r) = G(r+) ^iJpl + 2-pA exp 



/3f + 2-^i) 



v;gF+2-/3i 



exp 



(b) Let K{-9/2) ^^^{u - 0)du ^ 1. Equivalently, 9^2/4 + ^pf + 2. In 
this case, the solution to (4.8) satisfies r+ G (9, —0/2). Since if is a constant on 
{9, -0/2), by (4.13) and (4.12), G = if on {0, -0/2]. Hence 



supG(r) = G(r+) = Ki-0/2) = -O'' - 2/3i ^ \/ 01 + 2 - /3i 

r>6i 4 



+ 2 - /3i) exp [ - ^ (^^? + 2 + /3i) ' 



Combining (a) with (b) and (4.6), we obtain 

i/3i (^1 + ^/^27^) 



o+(if ) ^ — — 7= exp 



SPECTRAL GAP AND LOGARITHMIC SOBOLEV CONSTANT 



19 



Next, we estimate S-{K). Now, K{r) = r^ — 2^i on {—oo,9) since 6 < 0. Prom 
(4.8), we get the same solution (r_ - Of = Pi + \J 0i + 2. But 



4r* 



X - dfK'{x)dx 



2 70 



By (4.6) again, we get 



()_ [K] ^ ^ cxp 

V ^ 



\2 



Therefore, we have proved the required lower bound in the case of < 0. 

By symmetry, the same conclusion holds when ^ > 0. The proof for ^ = is 
much simpler as shown below. 

When ^2 = 0, we simply let 6* = 0. Then 



-5(x) 



X 



4x^-2^1, XT^O. 



We choose K{r) = 4r^ — 2/3i. Then the equation (4.8) gives us 



Because 



/[/" 

JQ L-'O 



udu 



dK{x) 



4x^dx 



by (4.6), we obtain the last required assertion. □ 

We will improve the estimate of Example 4.3 in §5 (Example 5.3) by a different 
method. 

Before moving further, let us make some remarks about the estimate given in 
Example 4.3. Recall that at the beginning of the proof, in choosing the function 
K(r), the term 12(^ + rel^)"^ was removed, this simplified greatly the proof since 
the original quartic equation is reduced to a quadratic one. For this reason one 
may worry lost too much in the estimation and we want to know the best estimate 
we can get by part (2) of Theorem 4.1. For this, we use a different trick. Consider 
the case of < only. We use the complete form of K: 



Kir) 



39^ - 2/3i, 



if r ^ -e/2 

ae^r^ -e/2 

if r < 0. 



(i) Following the proof of Example 4.3, we study first the estimation of S+{K). 
There are two cases. 
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(a) Let K{-e/2) ^''^{u - ^)dn < 1. That is, 3^^ < + ^ 0^ + 8/3. The 
idea is that in looking for a uniform estimate, we may regard r as a parameter 
rather than Q. In other words, instead of solving equation (4.8) 

{4rl + mre + 129^ - 2Pi) [ {u - e)du = 1, rg>-3e/2 

in r, we solve the equation in 9. Then the equation has two solutions: 

^ = ^(-3r,±^6/3i+6/r2-3r2). 

Since 9 is real, re must satisfy 



r^e ^ /3i + V/^i + 2- (4-14) 
Next, in the "+" case, < iff 

r,2> (^1 + ^/32 + 8)/4, (4.15) 

and it is obvious that re > —39/2. In the "— " case, it is automatically that 9 < 
and re > 36/2 iff 

rl > (SP, + ^^(51 + 2^) /4, (4.16) 
To estimate the decay exponent, note that on the one hand, we have 



= \rl ( - 3r,2 ± ^6/3ir2 + 6-3r4) 



6 

where z = r'^. On the other hand, we have 



/ x^K'{x)dx = -rj - 29rl - —9\ 
2 J-zeji 16 

Replacing with z on the right-hand side plus some computation, we finally get 
-\ x^K\x)dx = - A [ - + 8P,z + /3f + 8 + ^ + ^ 

^ J -36/2 64 [ z z\ 



±|| (9 + 9^,. -23.2)^/^ + ^-1. 



To obtain the uniform lower bound, by (4.14) and (4.15), we need to minimize 
the right-hand side under the constrain 



+ + 8 )/4 < z ^ /3i + + 2 in the "+" case 

(3^1 + ^y9Pf + 2A) /4<z^Pi + vWT2 in the "-" case. 
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A numerical computation shows that the first case is smaller than the second one 
and its leading term is approximately —0.8 Pi . 

(b) Let K{-e/2) J~^^'^{u-e)du ^ 1. That is, 39'^ ^ /?! + + 8/3. Then we 
have the lower bound + 8/3 — /3i which is decayed slowly than exponential. 

(ii) Next, in the case oi r < 6, by assumption, 9 < and rg < 0, we have only 
one solution 

= l[-Sre-^6l3, + 6/rl-3rj), 
and furthermore ^ < iff 

To estimate the decay exponent, note that on the one hand, since < 0, we have 

eri = lrl[- Zrl + ^G^ir^ + 6 - 3r,4 ) 
= ^^(-3z + V6/3i -2 + 6-3^2). 

On the other hand, we have 

1 ^--^ 

-- x'^K'{x)dx = -4 - "^drl 

2 Jo 



Hence 



1 nr--9 1 

-- / x'^K'{x)dx = ^z^y2l3iz + 2- z^. 

2 Jo v3 

To obtain the uniform lower bound, it suffices to minimize the right-hand side 
under the constrain 



< z < 



(^i + V/5i+8)/4- 



A numerical computation shows that the resulting estimate is bigger than —0.8 Pf. 

(iii) Finally, we conclude that the estimate on the exponent obtained so far is 
approximately —O.SPf. Comparing this with our estimate —/3f, it is clear that 
there is no much room left for an improvement by part (2) of Theorem 4.1. 

We now study the general criteria and estimates of Ai(L) and A^(^) (see (4.17) 
below for definitions) in dimension one. For this, we need more notation. 

Fix an arbitrary reference point ^? € M, not necessarily a root of b{x) = —u'{x). 
Let Rj = {e,oo), = (-00,61), l/ = [61,00), and 1^" = (-00,6*]. Recah that 
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C0{x) = J^b/a. Define 

iPq{x) = / e~^, Sf = sup (p{x) / — , 

-^fo = {/ e C{Wt) n C7i(M±) : m = 0, > o}, 

-^ne = {/ e C'(l^) : f{e) = 0, (±/)|^± > O}, 

X^{e) = M[D{f) : /l^^^i = 0, / G C7(l,^) nCi(M±), /.(J^) = l}. (4.17) 

Theorem 4.4. The comparison of \x{L) and A^(^) and their estimates are given 
as follows. 

(1) infeeM[A+(0)VAo(0)] ^ Ai(L) ^ supggjj [Aq'(^) a Aq (0)] . /n particular, 
Ai(L) = A^(^), where is the solution to the equation \q{9) = Aq (0), 
9 G [— oo, oo]. 

(2) If m is the medium of fi, then 2[AQ'(m) A A(^(m)] ^ ^ Ao'(m) A 
Aq (m). 

(3) X^{e) ^ sup^g^i^ inf^gjji > sup^g^i inf^gjji 
Moreover, the sign of equalities hold whenever both a and b are continuous. 

(4) (5±)-^^A±(^?)^(4<5±)-\ 

Proof. Tfie first assertion of part (1) is just [18; Theorem 3.3]. The lower bound 
in part (2) follows from the one of part (1). As remarked above [18; Theorem 
3.3], from the proof of [18; Theorem 3.1], it follows that 

^i(^) ^ 1^1 [>^t{OMe,oo)] A [Xo{eM-oo,e)]. 

Hence, the upper bound in part (2) follows immediately. The variational formulas 
for the lower bounds given in part (3) is a copy of [19; Theorem 1.1]. In which, 
the corresponding variational formulas for the upper bounds are also presented, 
but omitted here. Part (4) was proven in [18; Theorem 1.1]. From these quoted 
papers, one can find some more sharper estimates and further references. 

It remains to prove the second assertion of part (1). For this, it suffices to show 
that X^{0) is continuous in 6. By symmetry, it is enough to prove that Xq{0) is 
continuous in 9. Let 9i < 92 < oo. Clearly, \q{9i) < Aj|(02)- Given s € (0,1), 
choose f = fe e C^{0i,oo) n C[9i, oo) such that f{9i) = 0, f^dfi = 1 and 

^4 — £ ^ A^(^i), where A = = f d/j,. By the continuity of /, when 
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?2 — ^1 > is sufficient small, we fiave 



f{e^f d/x- 2/(02)/ /d/x- / 

f{e^f d/x + 2/(02)+/ /M/x 



< e. 



Tlien /g°°[/ — /(02)]^d/x > 1 — e and furtfiermore 



(02) ^ / /''d/X / / [/ - /(02)]'d/. ^ — - 



1 -e 



Since e can be arbitrarily small, we obtain the required assertion. □ 

As an illustration of the applications of Theorem 4.4, we discuss Examples 4.2 
and 4.3 again. 

Example 4.5. Everything in premise is the same as in Example Jy.2. We have 



where 



/•X nOO 

= sup / e^'dy / e'^'dy 0.239405. 

x>oJo Jx 



Proof. First, we have the root 6 
measure. Next, 



-j3/{2a) of ?x'(x), it is also the medium of the 



nX — a nOO nOO 

Ce{x) = -a{x-e)\ Mx)= e-^'dy, / e-«(^-^)'dy = / e'^^'dy. 

Jo Jx Jx-e 

Hence 6^ = 5 /a. By symmetry, we also have 6g = 5/a. The assertion now follows 
from parts (2) and (4) of Theorem 4.4. □ 

Example 4.6. Everything in premise is the same as in Example 4-3. We have 

(1) limi^^i^oo Ai(L^i,/3j = 00. 

(2) For Pi ^ 0; we have 



Ai(i^^i,o) ^ 4e exp 



1 



/32 + 21og(l + ;3i) 
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Proof. By symmetry of u{x) in x, one may assume that P2 ^ 0. Let be a real 

root of u'{x). Clearly, lim^2->oo d = —00. Moreover, u{x) — u{9) = {x — 0)'^[{x — 
ef + 4e{x -9) + 69^ - /5i] . Hence 

Je Jx 

h Jx 

Jo Jx-e 



dy / exp 



y 



z + yj 



dz. 
(4.18) 



(a) We now prove the first assertion. It says that the parameter /32 plays a role 
for Ai(L^j ,32), in contrast with Example 4.5. For x ^ 6*, by (4.18), we have 



px — /"C 

/ 

^0 Jx- 

px—9 pc 

/ 

Jo Jx- 



dzexp 



r 2 2\ 
{z -y ^ 



{z + 29f+ {y + 



29y_ 
z + y 



2 y 



z + y 



+ 29^ - 



dz exp 



2 y 



z + y 



+ 29^ - /3i 



Since z ^ y ^ 0, we have y/{z + y) ^ 1/2. The right-hand side is controlled by 

/ dy e-(^'-^')(^'-^^)dz, x^9. (4.19) 
Jo Jx-e 

We now use Conte's estimate (cf. [20]): 
and Gautschi's estimate (cf. [21]): 



(xP + 2)i/P - x <e'^ / e-^^'dy < 

J x 



1 



X 



X ^ 0, 



Cp:=r(l + l/p)^/(^-'\ p>l; C2 = V4. 



Thus, 



^2 



6^=^ dy / e-^' dz ^ 

Jx 



^Il-e-'^"') • ^(Jcx^ + --V^x) 

8C^/CX^ ' 4.\\ TT ^ J 



TT TT 



%C\fcx 
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Noting that (l - e-'=^')/a; ^ cx ^ c for all x G (0, 1] and (l - e-'=^')/x ^ l/x ^ 1 
for all a; ^ 1, we obtain 

r 2 r°° 2 7r^/2 
/ e'^y dy / e-'^' dz ^ x^O,c^l. 
Jo Jx 16a/c 



Therefore 



/^x poo 

5+ = sup / e"(^)dy / e'^^^^d, 
x>e J 9 Jx 

l^x />o 

> / dy / 



^ sup 

x>0. 



dz 



5/2 



— )■ as — )■ — oo. 



For the proof is similar. As an analogue of (4.18), we have 
j e"(^)dy j e-"(^)dz 

J x J — oo 



nO nx-e 

/ dy dzexp 

J x—O J —oo 



{z + 2eY +[y + 



2ey_ 
z + y 



2 y 



z + y 



+ 20^ - Pi 



Since z ^ y ^ 0, we have \y/{z + y)\ ^ 1/2, we obtain 



dy / e-"(^)dz ^ / dy / e'^^ "^^Mz, x ^ 



/ e"(^)dy / e-"(^)dz ^ / dy / 

■/X J —oo J x—6 J — oo 



We have thus returned to (4.19). 

Now, the first assertion follows from parts (1) and (4) of Theorem 4.4. 

(b) For the upper bound in part (2), since (52 = 0, we have ^ = 0. We need to 
show that 



pX />C 

sup / e^'-'^i^'dy / 

x>oJo Jx 



e-^^+^'^'dz > 



1 



4ei4 



exp 



^^?_21og(l + ^i) 



Since 



px poo 

/ e^'-'^^^'dy / e-^'+^^^'dz 

Jo Jx 



=dy 



/3i/2 ^/y + /3l/2 Jx^-(5,/2 y/z + f3i/2 



-.dz 



> 



1 ^y^ 



1 r 

4 7-/3. 



=dy 



/9i/2 



/2 Vy + ^i/2 Jx2-/3i/2 v'-2 + /3i/2 



=dz, 
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when /?! ^ 1, we have 

/•l-/3i/2 rPi/-- 
/ dj/ / 



/3i/2 



/2 Vy + /5l/2 ^l-/3i/2 V-z + /3i/2 
l-/3i/2 ^ /./3i/2 



-Az 



^ — / dy / e-^ dz. 

Pi 7-^i/2 



It suffices to show that 

1 /•l-/3i/2 



or 



/5l J-/3i/2 



/•Pl/- 

^ dy / 

Jl-/3i 

^l-/3i/2 ^ ./3i/2 

/ dy dz ^ exp 

Jl-l3i/2 



e dz ^ — rj exp 

/2 



^;92_2log(l + /3i) 



^/?2_iog(i + /3,)_i4 



Since 



/ dz ^ dz < oo, 

Jl-/3i/2 J-oo 



/•l-/3i/2 ^ .pi/:. ^ 

/ dy = dy exp 

^-/3i/2 J/3i/2-l 

ttl2 e^'dy exp[/3?/4] - exp[(l - A/2)2] 



/3i 



oo, 



exp[^2/4-log/3i] exp[/3iV4] 

~ 1 - ei-'^i 
1 as /3i oo, 

it is easy to check first that 



log 



r /-1-01/2 /./3i/2 

/ dy \ e-^'dz 

.J-Pi/2 Jl-^i/2 



^ i/32_iog(i + /3,)-i4 



for ^1^1 and then the required assertion for ^ by using mathematical 
softwares. □ 

Before moving further, let us study the lower bounds of infy32^o '^i(-^^i,/92) 
terms of 5^ . For this, we return to (4.18). Because 



A9\ z4 



z + y 



+6r = 6 



z + y 



and so 



~^ + y^ + W [z + + 6^2 _ ^ ^2 + ^2 _ 2 ^ ^/2) 2 _ 



:(2z2-4zy + 5y2)-/3i 
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it follows that 



Jo Jx 



exp 



z + y 



+ 69^ - /3i 



dz 



j 

Jo 



Jx 

J X 



(4.20) 



Combining (4.18) with (4.20), we obtain 



8'1 ^ sup 



x>OJq 



dye 



The same upper bound holds for 6g . By parts (1) and (4) of Theorem 4.4, we 
obtain a lower estimate of inf^^^o '^i(-^/3i,/32)- However, the resulting bound is 
smaller than those given in Example 4.3. 

We mention that the lower bound given in Example 4.3 may still be improved 
by applying part (3) of Theorem 4.3 to the test functions f± constructed in the 
proof of Theorem 4.1. This observation is due to [22]. The proof is quite easy. 
Let for instance 

_ sup ^l±±M±^x)^s>0. 

xe{9,oo) J + 

Then /+ ^ -(a/^ + bf+)/6. Noting that (e^/;)' = e^(a/^ + bf+)/a, we obtain 

-C{x) fOO y^gC 



s /;(x) 

1 e-CW 



af:i + bf+ yc 



a 



1 



^W/i(x) 



X > 



Alternatively, one may apply the approximation procedure given in [19] to improve 
the lower bound. However, all the computations are quite complicated, and so we 
do not want to go further along this line. 

We remark that the process in Example 4.6 (Example 4.3) possesses much 
stronger ergodic properties. 

Proposition 4.7. The processes corresponding to Example 4-3 is not only expo- 
nentially ergodic but also strongly ergodic. It has the empty essential spectrum. It 
satisfies the logarithmic Sobolev inequality but not the Nash (Sobolev) inequality. 
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Proof. One may use the criteria given in [13; §5.4] to justify these assertions. 

For the reader's convenience, here we mention three criteria as fohows. By the 
symmetry, we need only to write down the conditions on the half-hne [0, oo). 
Logarithmic Sobolev inequality: 



sup ( / e-" ) ( log / e"" ) / e" < oo. 

x>0 



Strong ergodicity: 

e~" < oo. 

/o 



Nash {Sobolev) inequality: 



fOQ \ 1 — 2/u 

sup ( / e"" ) / e" < oo, v > 2. 



x>0 \Jx J Jo 

The second condition holds since 



x " 2x + X xu' 

However, replacing with x~^ at the beginning, the same proof shows that the 
standard Ornstein-Uhlenbeck process is not strongly ergodic. For the third condi- 
tion, note that j'^ and have the leading order e~" and respectively. 
Hence the leading order of 

oo \ 1 — 2/ v px 

is e^"/"^ — 7- oo as a; — 7- OO. Similarly, one can check the first condition. Alternatively, 
to see that the logarithmic Sobolev inequality holds, simply use the fact that 
\im.\x\^^ u" (x) > (see [23]). We will come back to this point in Example 5.3. 
Finally, the logarithmic Sobolev inequality implies the essential spectrum to be 
empty. □ 

Finally, we study a perturbation of Ai(L). 

Proposition 4.8. Let a{x) = 1 and assume that 5^ < oo for some G M. Next, 
let h satisfy 6*^+^ < oo. Define S^{h) = sup^^^± e'^'^ J^°° e^+^ . If there 
exist constants Kf , . . . , such that 

/•±oo 

± / ^ Kfe'^^''\ ±{x - 0) ^ 0, (4.21) 

J X 

± f e-^ ^ Kte-^^''\ ±{x - e) ^ 0, (4.22) 
Je 

/•±oo 

± e^le'^-ll ^i^3=^e^(^\ ±{x-e)^Q, (4.23) 

J X 

±[ e-^\e-'' -l\^Kfe-^^''\ ±{x - 6) ^ 0, 
Je 



(4.24) 
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then 



^eih) + KfKf + KfKf + KfKf < oo 



Proof. Here, we consider 5'^ {h) only. As in [5], we have 



-C-h 



fX fX "I r /"OO foo 

/ e-^+/ e-^(e-''-l) • / + / e^(e^-l) 
jQ Je \ VJx Jx 

f^X fOO nX pOO 

= / e-^ / / e-^ / e^(e'^-l) 

Jx Je Jx 

f'X f'OO f'X f'CXD 

+ / e-^{e-^-l) e-^(e-'^ - l) / e^(e'^-l) 



^ (5+ + ii:2+i^3+ + i^i+i^/ + KtK+ < oo. □ 

The above result is a revised version of [5; Theorem 3.4], where instead of (4.23) 
and (4.24), the conditions 

(i) C{x) is strictly uniformly convex up to a bounded function 

(ii) k («"^' - 1) < 0° 

are employed. It is easy to check that these conditions together are stronger than 
(4.23) and (4.24). Clearly, under (4.21) and (4.22), conditions (4.23) and (4.24) 
are automatic for bounded h, for which, the condition (ii) here may fail. 

Example 4.9. Let a{x) = 1 and Cii{x) = -x'^ + /3x^. Then Xi{Lfj) > for all 
13 eR. 

Proof. The case of ^0 < is easy since — C/3 is convex. Hence we assume that /3 ^ 0. 
Then — is convex for large enough x and so the conclusion is known. Here we 
check it by using Proposition 4.8. Take C{x) = —x'^ and regard h{x) = Px^ as a 
perturbation of C{x). Clearly, (el'*' — l) = 00. Set 6 = 0. 
First, by Gautschi's estimate, we have 



-C{x) 



Ca 



1/4 



— X 



poo poo 

J X J X 

for all a; > 0. Next, we have 

/•oo fOO 

.Cix) I ^-c|g-^_i|^g-x-y ey"\e-^y' -l\dy 

Jx 
/•oo 

_ 4 / 4 

= e ^ dy 

J x 

< 0.6, x>0. 



0.9064 
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Moreover, 



e-C(x) 



J X J X 



By symmetry, the same estimates hold on (— oo,0]. Now, by Proposition 4.8 and 
Theorem 4.4, it follows that the leading order of the lower estimate of Ai(L^) is 
exp[— 0.7/3^] which is not far away from the optimal one: exp[— /3^/4]. □ 

5. Logarithmic Sobolev inequality. 

We begin this section with a result taken from [23; Corollary 1.4]. 

Lemma 5.1. Let L = A-{'VU,'V) inR"' and define 'y{r)= inf Ainin(Hess(L'')(a;)).| 

\x\^r I 

//sup^>Q7(r) > 0, then we have 



cr{L) ^ — exp 



r'y{r)dr 



>0, 



where Oq > is the unique solution to the equation ^{r)dr = 2/ a. 

This lemma says that the logarithmic Sobolev constant is positive whenever 
so is Amin(Hess(C/)(a;)) at infinity. Unfortunately, as shown by Example 2.5, our 
models do not satisfy this condition even in the two-dimensional case. Hence, we 
justify the power of the estimate provided by the lemma only in dimensional one 
(compare with the criterion for the inequality, see for instance [13; Theorem 7.4]). 

Example 5.2. For Example 4-^, we have Ai(Lq,^^) ^ a{La^p) ^ 2a which are 
exact. 

Proof. Because u{x) = ax^ + /3a;, we have u"{x) = 2a and so 

7(r) = inf u"{x) = 2a. 

\x\^r 

Next, since Jq 'y{r)dr = 2aa. The unique solution to the equation 

2 



/ 

Jo 



7(r)dr 



is = 1/a. Noticing that r^{r)dr = aa"^, by Lemma 5.1, we obtain 

2e 

a{La, 0) ^ — exp [ — a Oq] = 2a. 

This is clearly exact since the well-known fact Ai(Lo,, ^) ^ a{La,^) (cf. [13; 
Theorem 8.7]) and Example 4.2. □ 
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Example 5.3. For Example 4-3, we have 



inf Ai(L^,,^J ^ inf o-(^^i,/32) ^ "^J — ^ exp 



^ < 



-2/3i + 



^e/2 - ^1 
^ exp [-^2/4], i/^i>0 



i//3i <0 



^e/8 + /3i 



Proof. Because u{x) = — Pix'^ + /32X, we have u"(a;) = 12x^ — 2^i and 7(r) = 
infill n"(.x) = 12r^ — 2/3i. Next, since j{r)dr = 4a^ — 2^ia, the solution to 
the equation j{r)dr = 2/a is as follows 



al 



/3i + vW+8 



Next, since 

by Lemma 5.1, we obtain 
2e 



f 

Jo 



rj(r)dr = a^(3a^ — Pi), 



<^(-^/3i,^2) ^ ^exp [-ag(3ag 



exp 



- {pi + ^^^^8) 



□ 



Note that in the case of /3i < 0, the Bakry-Emery criterion (cf. (2.9)) is 
available and gives us the lower bound — 2/3i which is smaller than the estimate 
above. Example 5.3 is somehow unexpect since it improves Example 4.3 (In the 
special case that /?2 = 0, they are coincided). The reason is due to the fact that 
only the uniform estimate is treated in Example 4.3 and the linear term of U is 
ruled out in Lemma 5.1 (but the universal estimates depend on the linear term, 
cf. [13; Theorem 7.4]). Otherwise, the two methods may not be comparable in 
view of part (1) of Example 4.6. As mentioned in [23; Example 1.12] that the 
bounded perturbations should be carefully treated before applying Lemma 5.1. 

Proof of Proposition 1.4. Let Pi ^ 0. Note that 



We have ^/Pf + S ^ Pi + A/ Pi. Hence 



exp 



\Pi(Pi + \JPl + ^ 



^ — F 6Xp 



-P' 
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Similarly, we have 

J Pi + 8-^1 = , ^ ^ 



By Example 5.3, we obtain inf^^ ^{^1^1,^2) ^ 6xp[— ^^/4 — log(H-/3i)] for Pi ^ 2. 
Combining this with Example 4.6, we get the required assertion. □ 

6. Continuous spin systems. 

We begin this section with the ergodicity of our models in the finite dimensions. 
Consider the particle system on A with periodic boundary. Then the generator is 



La = A + (6, V) 



where 

hi{x) = -u'{xi)-2J ^ {xi-Xj) 
jeN{i) 

for some u G C°°(M), constant J, and N{i) is the nearest neighbors of i. For 

simplicity, assume that J ^ 0, but it is not essential in this section. Recall that 
for the coupling by reflection, the coupling operator L has the coefficients 

y^ = {i- luu* ^ " f " ) ' = ( ) ' 

where u = u{x,y) = {x — y)/\x — y\. Furthermore, for / G C[0,oo) n C^(0,oo), 
we have 

Lfi\x - y\) = Af'Wx - y\) + " ^j^^^^^^^ ^^^^^ /'(k - vl), ^ ^ V 

(cf. [13; Theorem 2.30]). To illustrate the idea, we restrict ourselves to the second 
model. 

Theorem 6.1. Let u(xi) = xj — Px^ for all i ^ A. Then the process is exponen- 
tially ergodic for any finite A. Moreover, the coupling by reflection {Xt,Yt) gives 
us 

r'Vd^t - ^tl) ^ f{\x - y\)e-'\ t ^ 0, 



where 



nr poo 

fir) = / e-^(^)ds / e^V^, r > 0, 

Jo Js 



£ = £(A,;3)=4inf ^^^>0. 

r>0 /(r) 
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Proof. Because u'{xi) = Ax\ — 2f3xi and 



bi{x) = -Axf + 2/3xi - 2J ^ {xi- 

jeN[i) 



for all i. Thus, 



bi{x) - hi{y) = -4(arf - yf ) + 2p{xi - yi) - 2J {xi - yi - Xj + yj). 

jeN{i) 

Hence 

{x - y, b{x) - h{y)) = -4^(xi - + + Vi) + - yif 

i i 

i j€N{i) 

^ - ^i^i - Vit + 2/3 ^(xi - yif 

i i 

^-\A\-'\x-y\' + 2P\x-y\\ 
where |A| is the cardinality of A. It follows that 

\x - ij\ |A| 
If we take /(r) = r, then for all x / y, we have 

{x-y,h{x)-h{y)) ^ ( 1 3 



Lf{\x - y\) = ^ f'{\x -y\)^- \^j^\x - y\' - 215 j \x - y\. 

This is not enough for the exponential convergence except in the case that /3 < 
for which we have infr>o (r^/|A| — 20) = —2(5 > 0. Due to this reason, we need a 
much carefully designed /. Define the function / as in the theorem, then we have 

We obtain 
with 



-f{r) = --—jr'^ + 2l5r, e = 4 inf 



|A| ' ^ ' r>o f{r) • 

By the Cauchy mean value theorem, it follows that 



r>0 / r->0 /' 2 r>0 ^ / 



^ - inf ^ ' =-[ inf - — ^ > 0. 

2r>0— e'-'y^ 4\r->0 if 



1 {^-'/'y _ 1 / . . e 
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Therefore we obtain e > 0. This proves our second assertion. 

The exponential ergodicity is easy to check by using the so called "drift condi- 
tion" with test function x — >■ but this is not enough to get a convergence rate. 
We now prove the exponential ergodicity with respect to / o | • | . Note that here 
we do not assume that / o | • | is a distance. Otherwise, the assertion follows from 
[17; Theorem 5.23]. We have proved in the last paragraph that E^'^/(|Xt — Yt\) 
is continuous in y. Moreover 

r'^^/dXi - = / f,jj{dy)r''f{\X, -Y,\)^ e-^* / ^c/(d?/)/(|x - y\), 

7r|a| 7mIA| 

where is the probability measure having density /Zu, corresponding to 
the potential 

Because the left-hand side controls the Wasserstein distance, with respect to the 
cost function /o | • | , of the laws of the processes starting from x and /j.^ respectively, 
we obtain an exponential ergodicity provided 

/ y"i7(dy)/(|x-y|) < oo. 
Jrw 

To check this, noting that 

-U{x) ^J2{-xt + Pxj) ^ -^\x\' + P\x\' 
ieA ' ' 

and f{\x — y\) ^ f{\x\ + \y\), it suffices to consider the radius part. That is, 

/•oo 

/ /(r -I- z) exp[— z^/|A| -|- f5z'^]dz < oo for every r ^ 0. 
Jo 

This can be done by using a comparison: 

/(r + ^)exp[-^V|A| + ^z^] ^ fjr + z) 

z-2 ~ z-^exp[z^/\A\- I3z^] 

^ [-2z-3 + z-2(4z3/|A| - 2/3^)] exp[zV|A| - /3z2] 

^ zexp[zV|A| - f3z^ + C{r + z)] 
~ as z — >■ oo. 

Finally, by [17; Theorem 9.18] and its remark, we also have Xi{U, A, /3) > 0. □ 

Theorem 6.1 is meaningful since it works for all finite dimensions. Note that 
£(A,/3) -> as |A| oo, which is natural since the model exhibits a phase 
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transition. However, this result does not describe an ergodic region in the infinite 

dimensional situation. 

For the remainder of this section, we apply the results obtained in the previous 
sections to some specific continuous spin systems. Denote by (ij) the nearest 
bonds in Z'^. d ^ 1. Set N{i) = {j : j is the endpoint of an bond (ij)}- Then, 
|A^(i)| := the cardinality of the set N{i) = 2d. Consider the Hamiltonian H(x) = 
J'^^ij^ixi — XjY, where J ^ is a constant. For a finite set K <Z 'L'^ (denoted 

by A ^ Z*^) and a point oj G M^'', define the finite-dimensional conditional Gibbs 
distribution //^''^ as follows. 

4'-(dxA) = e-^A(-A)dx^/Z^, (6.1) 
where xa = (xj, i G A), Z'^ is the normalizing constant and 

Ut{x^) = Y,<Xi) + J {^i-^3? + J E i^i-^i? (6-2) 

ieA {ij)-i,jeA ieA,jeN{i)\A 

for some function u G C°°(R), to be specified latterly. One can rewrite as 

m^A) = + -^E E - ^^•)'' (6.3) 

ieA ieAjeN{i) 

where 

ifjGA 



jj, ifj^A. 

Correspondingly, we have an operator LJ^ ^■^d ^ Dirichlet form D'^ as follows. 

LX = AA-(VAC/j^, Va), Dt{f)= [ |Va/|M/x^'^ (6.4) 

Our purpose in this section is to estimate Ai(Ly() = Ai(?7^). By (1.6), we have 
the simplest lower bound of the marginal eigenvalues as follows. 

Ai^^"'^ ^ inf u"(x)+4dJ, (6.5) 
where XA\i = {xj,j G A \ {i}). The function C{x) defined in Section 4 becomes 

Cl''^"'^{Xi) = -u{Xi) - J '^iXi-Zj)'^ 

jeN{i) 

= —u{xi) — 2dJxl + 2j{ Zj \ xi — J 

^jeN{i) ^ jeN{i) 

i G A. (6.6) 

The last term can be ignored, since it does not make influence to and so 

neither A^^^' . The coefficient of the second to the last term varies over whole M 
if J 7^ 0. 

We consider two models only: u{x) = ax^ and u{x) = x^ — fix^ for some 
constants a > and /? G M, respectively. 
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Theorem 6.2. Let u{x) = ax^ for some constant a > and let U{x) = 
^j'u(xj) + H{x) with Hamiltonian H{x) = JYl(ij)i^i ~ ^jY- Then we have 

inf inf XAUl)^ inf inf a{U'{)^2a. (6.7) 



Proof. It suffices to prove the second estimate. By Example 5.2 and Theorem 1.3, 
the proof is very much the same as proving 

inf inf \i{U'{) ^ 2a. 

Hence we prove here the last assertion only. First, we have 

f 2J, i, j G A, \i- j\ = 1 

\d^oU{x)\ = \ ' . ^ (6.8) 

[ 0, I, J G A, \i-j\> 1. 

The right-hand side is independent of x, which is the main reason why we were 
looking for the uniform estimates (with respect to the linear term) in Examples 
4.2 and 4.3. By (6.5), we have x^^'"''''^ ^ 2a + Ad J, which is indeed sharp in view 
of Example 4.2. Combining these facts together and using (1.4) with Wi = 1, it 
follows that 



Xi(UX) ^ inf min 

^ ^ xGRl'^l »eA 



2a + AdJ- 2 J 

jeA:\i-j\=l -I 



2a + 4dJ - 2Jn^ax |{(z, j) : j e A}\ 



> 2a 



uniformly in C(j G and A d Z''. The sign of the last equality holds once A 
contains a point together with all of its neighbors. □ 

In the last step of the proof, we did not use Theorem 1.2 since the matrix 
{\^dij[J{x)\ : i,j G A) is very simple. Nevertheless, it provides us a good chance to 
justify the power of Theorem 1.2. To do so, take rj^ = 2a + AdJ = . Then 

Si{x) = rf^"^' - \dijU{x)\ = 2a + AdJ-2j\{{i,j) i G A, 

jeA:j#j 

six) = mmsAx) = 2a. 

Since h^'^'' ^ 0, Theorem 1.2 already gives us Ai(C/j^) ^ mfxs{x) = 2a as ex- 
pected, without using To see the role played by /i^'"') , note that 



qi{x) = 7];^'' - s{x) = MJ, ieA, 

di{x) = Si{x) - s{x) = AdJ - 2j\{{i,j) : j G A}|, i G A. 
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Note that di{x) here depends on i. Thus 

di{x) , \dijU{x)\ 



h^'^Ux) = min -— 



2J 

mm 



iUjy. .if I.. R g H - e A}| + : . A \ A}\ 



2J 



(4dJ)T A:0#ACA 1^1 ^-^^ 

2J . 15^1 

mm 



(4dJ)T A:0#ACA |A| ' 

Clearly, the right-hand side depends reasonably on the geometry of A. Roughly 
speaking, by the isoperimetric principle, the last minimum of the ratio is approx- 
imately \dB\/\B\, where B is the largest ball contained in A. Anyhow, for regular 
A (cube for instance), 

Hence for this model, h'^'^^ makes no contribution to Ai {U'f[) for the estimate 
uniformly in A. 

Theorem 6.3. Let u{x) = — j3x'^ for some constant /? G M and let U {x) = 
^^u{xi) + H{x) with Hamiltonian H{x) = —'2J^(^ij^ XiXj. Then we have 



inf inf XAVf) ^ inf inf aiU%) 



^ 1= exp 



MJ, (6.9) 



For simplicity, we write r = 2dJ. The right-hand side is positive if {13, r) G IRxM_|_ 
is located in the region below the curve in Figure 1 (including the region of (3 ^ 
vertically below the shade one.) 

Proof. As shown in part (2) of Example 4.6, for zero boundary condition cj = 0, 
we have 

lim (T^A\.,a; ^ ^XA\„a; ^ ^ 

In other words, due to the double-well potential, the spectral gap and then the 
logarithmic constant will be absorbed as ^ — >■ oo. Combining Example 5.3 with 
Theorem 1.3 and following the last step of the proof Theorem 6.2, we obtain the 
required lower estimate. □ 
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= 2dJ 



0.2 0.4 0.6 0.8 



Figure 1. 

For the Hamiltonian H{x) = J'Yl,{ij){^i ~ ^jY discussed several times before, 
simply replacing /3 with /3 — 2dJ in Theorem 6.3, we obtain the following estimate: 

inf inf Ai([/^) 



^ inf inf aiUX) 



^ V(^-r)2 + 8-;3 + r 
^ — 1= exp 



^(/3-r)(/3-r+ V(/3-r)2 + 8) 



2r, 



(6.10) 



where r = 2dJ. The ergodic region is shown in Figure 2. 
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Figure 2. 
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Remark 6.4. As mentioned below the proof of Proposition 3.1, by considering 

the interacting terms more carefuhy, one may improve Theorem 1.1 for stronger 
interactions. For instance, since the variance of a random variable having the 
distribution with density exp[— x'^ + on the real line is asymptotically 13/2 
for /3 ^ 0, and is bounded above by 



r(3/4) 
r(i/4) 



2 + 



4r(l/4) 



9(1 + ^)r(3/4) 



by using [9; Proposition 5.8], when /3 ^ 0, the lower bound of inf inf AifC/i^) 

given in Theorem 6.3 can be improved as follows: replacing the interaction term 
AdJ in (6.9) with 



4dJ 



r(3/4) 
r(i/4) 



+/3 



2 + 



4r(l/4) 



9(l+/3)r(3/4) 



exp 



(6.11) 



Finally, we mention that there is another technique which works even in the 
irreversible situation (cf. [17; Theorem 14.10]) to handle with the exponentially 
ergodic region, because the second model (Theorem 6.3) is attractive (stochastic 
monotone) and has the moments of all orders, plus a use of the translation invari- 
ant. However, as known that the logarithmic Sobolev inequality already implies 
an exponential ergodicity in the entropy and moreover, the usual exponential er- 
godicity is equivalent to the Poincarc inequality with nearly the same convergence 
exponent in the present context (cf. [13; Theorem 8.13]), there is almost no room 
to improve the ergodic region. 
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